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Chapter 1

Solving System of Equations

1.1 Introduction

In this chapter we consider numerical methods for solving a system of linear equations Ax = b.
We assume that the given matrix A is real, n x n, and nonsingular and that b is a given real
vector in R”, and we seek a solution x that is necessarily also a vector in R™. Such problems
arise frequently in virtually any branch of science, engineering, economics, or finance.

There is really no single technique that is best for all cases. Nonetheless, the many available
numerical methods can generally be divided into two classes: direct methods and iterative
methods. The present chapter is devoted to this two methods. In the absence of roundoff error,
direct method would yield the exact solution within a finite number of steps.

An example of a problem in electrical engineering that requires a solution of a system of
equations is shown in Fig[T.1] Using Kirchhofl’s law, the currents iy, is, i3, &4 can be determined
by solving the following system of four equations:

94 —4ig — 2i53 =24

—41; + 1Tig — 613 — 3iy = —16
—21; — 6ig + 1443 — 614 = 0
—319 — 613 + 111y = 18

(1.1)

Figure 1.1: Electrical circuit.
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Definition 1.1

linear equation in the variables x1, x5, ---, x, is an equation of the form

a171 + aoxy + - -+ + apx, = b,

where the coefficients aq, as, -+, a, and b are constant real or complex numbers. The
constant a; is called the coefficient of x;; and b is called the constant term of the
equation.

A system of linear equations (or linear system) is a finite collection of linear equations in
same variables. For instance, a linear system of m equations in n variables xy,xs, - ,z, can
be written as

anr,  Fapry 4+ tapr, =0
oy ATy 4+ tapT, =Db
. (1.2)
U101 FAmaTs + 0 FnTy, = by
where x1, 22, ..., T, are the unknowns, a1, a2, ..., any, are the coefficients of the system, and
b1,b9,...,b,, the constant terms.

1.1.1 Vector equation

One extremely helpful view is that each unknown is a weight for a column vector in a linear
combination.

11 12 A1n by
21 @22 Aon by

x| . + 29| . + et x| . = | . (1.3)
am1 Am2 Amn bm

1.1.2 Matrix equation

The vector equation is equivalent to a matrix equation of the form
Ax=Db

where A is an m X n matrix, x is a column vector with n entries, and b is a column vector with
m entries.

@11 A2 - Aip Iy by

Qg1 Qg2 - d2p T2 by

Am1 Am2 " Amn L, bm
A solution of a linear system (1.2)) is a tuple (si,S2,---,s,) of numbers that makes each
equation a true statement when the values (si, sy, ,s,) are substituted forzy,zs, -+, x,,

respectively. The set of all solutions of a linear system is called the solution set of the system.

© Dejen K. 2019 3



1.1. INTRODUCTION AMU

Theorem 1.1

Any system of linear equations has one of the following exclusive conclusions.

(a) No solution.
(b) Unique solution.

(c) Infinitely many solutions.

A linear system is said to be consistent if it has at least one solution; and is said to be
inconsistent if it has no solution.

1.1.3 Geometric interpretation

For a system involving two variables (x and y), each linear equation determines a line on the
xy-plane. Because a solution to a linear system must satisfy all of the equations, the solution
set is the intersection of these lines, and is hence either a line, a single point, or the empty set.

For three variables, each linear equation determines a plane in three-dimensional space, and
the solution set is the intersection of these planes. Thus the solution set may be a plane, a line,
a single point, or the empty set.

For n variables, each linear equation determines a hyperplane in n-dimensional space. The
solution set is the intersection of these hyperplanes, which may be a flat of any dimension.

Figure 1.2: The equations 3z + 2y = 6 and 3z + 2y = 12 are (inconsistent ).

© Dejen K. 2019 4
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Figure 1.3: The equations x — 2y = —1,3x + 5y = 8, and 4z + 3y = 7 are linearly depen-
dent(consistent ).

1.2 Direct method

1.2.1 Cramer’s rule

Consider a system of n linear equations for n unknowns, represented in matrix multiplication
form as follows:

Axr =10

where the n X n matrix A has a nonzero determinant, and the vector z = (z1,...,x,)" is the
column vector of the variables. Then the theorem states that in this case the system has a
unique solution, whose individual values for the unknowns are given by:

_ det(4;)
T et (A)

where A; is the matrix formed by replacing the ¢ — th column of A by the column vector b.

A more general version of Cramer’s rule considers the matrix equation
AX =B

where the n X n matrix A has a nonzero determinant, and X, B are n x m matrices. Given
sequences 1 <13 <ig <...<y <nand 1 <j <jo<...<jp<m, let X;; be the k x k
submatrix of X with rows in [ := (i1,...,4) and columns in J := (ji,..., k). Let Ag(I,J)
be the n x n matrix formed by replacing the i, column of A by the j, column of B, for all
s=1,...,k. Then

det(Ag(1,J))
det(A)

In the case k = 1, this reduces to the normal Cramer’s rule.

detXLJ =

© Dejen K. 2019 5
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1.2.2 Explicit formulas for small systems

Consider the linear system

ar+by =
asx + boy = o

|

Assume a1by — byas nonzero. Then, with help of determinants, x and y can be found with
Cramer’s rule as

which in matrix format is

C1 b1 a; C
¢y by c1by — bica as Co a1Cy — C1Qo
1‘ = = s y = =
a; by aiby — biay a; by a1bs — bras
as by as by
The rules for 3 x 3 matrices are similar. Given
mr+by+cz =d;
X + by + oz = dy
asx + b3y + c3z = dj
which in matrix format is
aq b1 C1 x dl
a9 bQ Co Yy dg .
as bg C3 z (13
Then the values of z,y and z can be found as follows:
d by «a ap di ap by dy
dz b2 Co a9 dg (&) (05} bg dg
dg bg C3 as dg C3 as bg d3
r=——, y=——————" and z=———.
a b o a b o a b o
azy by c ay by ¢ ay by ¢
as bs c3 as by c3 as by c3

© Dejen K. 2019 6
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Example 1.1

211 + 3x9 + 423 = 19
Solve the following system by Cramer’s rule. x; + 2x9 + x3 =4
33}1 — T2+ X3 = 9
2 3 4
Solution: The coefficient matrixis A= |1 2 1
3 1

19
and column matrix b = [4] , then

=1l 9

2 3 4
det(A) =11 2 1|=44+9—-4—-24—-3+4+2= —16 # 0 then the system has unique
3 1

—1
solution.
19 3 4 19 3 4
Ai=14 2 1| &det(A)=]|4 2 1/=38+27—-16—-72—-12+19=-16
9 -1 1 9 -1 1
2 19 4 2 19 4
Ay =1 4 1| &det(Ay=|1 4 1/=8+4+57+36—48—19—-18=16
3 9 1 3 9 1
2 3 19 2 3 19
As=1|1 2 4| &det(A3)=]|1 2 4|=36+36—19—114—-27+8=-80
3 -1 9 3 -1 9
gy = det(Al) _ —16 —1
det(A)  —16
5y = def(Ag) _ 16 — 1
det(A)  —16
d _
det(A)  —16

This is the solution of the system.

Use Cramer’s Rule to solve each for each of the variables.

x — y = 4 —2r + y = -2 2c + y + z =1
@) - + 2y = -7 (b) r — 2y = =2 (c) 3z + z = 4
w o= W = 7 = %

1.2.3 Inverse Matrix Method

Let AX = b is a system of n linear equations with n unknowns and A is invertible, then the
system has unique solution given by inversion method X = A~1b.

-1 _ adj(A)
AT = det(A)

© Dejen K. 2019 7
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Note:- When A is not square or is singular, the system may not have a solution or may have
more than one solution.

Example 1.2

Use the inverse of the coefficient matrix to solve the following system

3.T1 + Ty = 6
—I + 21‘2 —|— 21’3 = —7
5151 — T3 = 10

Solution: Okay, let’s first write down the matrix form of this system.

39 0] = 6
5 0 —1] [=3 10

Now, we found the inverse of the coefficient matrix by using methods of finding Inverses
and is the following;

3 1 0 —2 9 —10 2 -1 2
A=|-12 2|= C4u=|1 3 5 |= adj(4)=|9 -3 —6
5 0 —1 2 -6 7 ~10 5 7

and det(A) = 3(—2) + 1(9) + 0(—10) = =6 + 9 = 3, then

2 =1 2 2/3  —1/3 2/3
At=1/31 9 -3 —-6|=| 3 -1 -2
-10 5 7 -10/3 5/3 7/3
T3 2/3 —1/3 2/3]1[6 1/3
Tl =| 3 -1 =2||-7|=| 5
T3 —-10/3 5/3 7/3] [ 10 —25/3

Now each of the entries of X are x1 = 1/3, xo =5 and 3 = —25/3

1.2.4 Gaussian Elimination Method

In this section we show the following:

e How to solve linear equations when A is in upper triangular form. The algorithm is called
backward substitution.

e How to transform a general system of linear equations into an upper triangular form, to
which backward substitution can be applied. The algorithm is called Gaussian elimina-
tion.

A triangular matrix is a special kind of square matrix. A square matrix is called lower trian-
gular if all the entries above the main diagonal are zero. Similarly, a square matrix is called
upper triangular if all the entries below the main diagonal are zero. A triangular matrix is
one that is either lower triangular or upper triangular. A matrix that is both upper and er

@© Dejen K. 2019 g LG



1.2. DIRECT METHOD AMU

triangular is called a diagonal matrix.

A matrix of the form

_ELI 0
62,1 62,2

L = 63,1 €3,2
_gn,l (/jn,Q s fn,n,fl én,n_

is called a lower triangular matrix or left triangular matrix, and analogously a matrix of the
form

Uy Ui Ur3 ... Ui n
U2 U233 ... U2 n
U =
71/7171,71
L 0 Unp,n |

is called an upper triangular matrix or right triangular matrix.

Forward and back substitution

A matrix equation in the form Lx = b or Ux = b is very easy to solve by an iterative process
called forward substitution for lower triangular matrices and analogously back substi-
tution for upper triangular matrices. The process is so called because for lower triangular
matrices, one first computes 1, then substitutes that forward into the next equation to solve
for x5, and repeats through to x,. In an upper triangular matrix, one works backwards, first
computing z,, then substituting that back into the previous equation to solve for z,_;, and
repeating through z;. Notice that this does not require inverting the matrix.

Forward substitution The matrix equation Lz = b can be written as a system of linear
equations

£1,1$1 = b

lyiz1 +  Lloomo = by

gm,lxl + gm,2x2 +--- 4+ gm,mxm = bm

Observe that the first equation (¢;;21 = by only involves z1, and thus one can solve for x;
directly. The second equation only involves x; and 9, and thus can be solved once one substi-
tutes in the already solved value for x;. Continuing in this way, the k-th equation only involves
Z1,..., T, and one can solve for x; using the previously solved values for xy, ..., xx 1.

The resulting formulas are:

Z1 E?
2y = by — 52,156'1’
52,2
T, = bm - er;l Em,ixi .

© Dejen K. 2019 9
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A matrix equation with an upper triangular matrix U can be solved in an analogous way, only
working backwards.

Backward Substitution.

Given an upper triangular matrix A and a right-hand-side b,

fork=n:-1:1

n
> ikt1 OkjT;

QA

Ikzbk—

end

Gauss elimination method is used to solve system of linear equations. In this method the linear
system of equation is reduced to an upper triangular system by using successive elementary
row operations. Finally we solve the value variables by using back ward substitution method.
This method will be fail if any of the pivot element a;, ¢ =1, 2, ---, n becomes zero. In
such case we re-write equation in such manner so that pivots are non zero. This procedure is
called pivoting.

Consider system AX =b

Algorithm
Step 1: Form the augmented matrix [A|b]
Step 2: Transform [A[b] to row echelon form [U|d] using row operations.

Step 3: Solve the system UX = d by back substitution.

The following row operations on the augmented matrix of a system produce the augmented
matrix of an equivalent system, i.e., a system with the same solution as the original one.

e Interchange any two rows.

e Multiply each element of a row by a nonzero constant.

e Replace a row by the sum of itself and a constant multiple of another row of the matrix.
For these row operations, we will use the following notations.

e I; <+ R; means: Interchange row ¢ and row j.

e aR; means: Replace row ¢ with a times row 1.

e RR; + alR; means: Replace row ¢ with the sum of row ¢ and « times row j.

© Dejen K. 2019 10
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Example 1.3

Solve the following system using Gauss elimination method.

21131 —31‘2+$3 =X
4.’131 + 141’2 + 123]3 = 10
6x1+x2+5x3 =9

Solution: The augmented matrix of the system is

2 =3 1 5
4 14 12 10
6 1 5 9

Applying, elementary row operations on this matrix to change into its echelon form.

2 -3 1 5 2 -3 1 5
4 14 12 10 22 :?:ggl 0 20 10 0
6 1 5 9 3 3 1o 10 2 -6

2 -3 1 5

Rs — R3— 1/2R2 0 20 10 0

0 0 -3 —6

Since rank(A) = rank(A) = 3 = n the solution exists and is unique.

2.%1 —3.272 +x3 =5
20562 +10$3 =0
—3.%'3 = —6
From this we get x3 = 2. And using back substitution we have xo = —1 and x; =0

Hence (0,—1,2) is the solution of the system.

Solve the following system of four equations using the Gauss elimination method.

41 — 2209 — 33 + 624 = 12
—6x1 + 729 + 6.523 — 624 = —6.5
x1 + 7.5x9 + 6.2523 + 5.5x4 = 16
—12x1 + 2229 + 15.5203 — x4 = 17

1.2.5 NAIVE GAUSSIAN ELIMINATION
Consider the system in matrix form

Axr =b.
Let us denote the original system by AMz = b(M). That is,
F R SR 1
g a%l) a%Q) a(?n) Cox— xg b= bg) (1.5)
KU | B P B

© Dejen K. 2019 11



1.2. DIRECT METHOD AMU

The Gaussian elimination consists of reducing the system to an equivalent system Ux = d,
in which U is an upper triangular matrix. This new system can be easily solved by back
substitution.
Algorithm:

Step 1: Assume aﬁ) # 0. Define the row multipliers by

(1)
il
1
ag1)

)

mg; =

Multiply the first row by m;; and subtract from the i® row (i = 2,--- ,n) to get

5]2) = a'gjl) _mila%’)v .] = 2a37' N

p? = )

a
- mﬂbgl).

Here, the first rows of A and b are left unchanged, and the entries of the first column of
A below agll) are set to zeros. The result of the transformed system is

1 1 1
(Lgl) aé;; e aé;i T bl
2
0 agyy -+ ay, Cox— L2 b= bé )
0 af - a? Tn by

We continue in this way. At the &*® step we have

Step k: Assume a,ﬁ) # 0. Define the row multipliers by

aly)
k
al(ck)

My =

Multiply the & row by my;, and subtract from the i*" row (i = k+1,--- ,n) to get

z(;c+1) _ az(;f) _ mikag;)
1) bgk)

7

a 7j:k+17'”7n
—mikbff).

At this step, the entries of column k below the diagonal element are set to zeros, and the
rows 1 through £ are left undisturbed. The result of the transformed system is

r (1 1 1 1 1) T ~ -
agl) aggz) e agéc) agél)c—i—l e a% F 2 ] bgl)
0 a - o a§711+1 o v b
0 0 - aP %’f%l . Zggl) . x=|a |, b=]W
+ + k+1

0 0 - 0 @i o Gpia Th+1 b,ﬁfl )

0 0 -~ 0 ff,jﬂ oo gtk | L Tn b0 |

At k =n — 1, we obtain the final triangular system

a§11>a;1 —+ a%)xg + -+ aggxn = bgl)

05wy + - + al)w, = b

a;”__ﬁ%_lxn,l + agl__f,)lxn = b;”_‘l”
o™z, =M

© Dejen K. 2019 12



1.2. DIRECT METHOD AMU

Using back substitution, we obtain the following solution of the system

b
T
Tp_1 = bgtn—_ll) - agl—_l%%x"
n—1 = n—1
a1(’1—1,7)1,—1
T, = b — (a§f2+1xi+1 o ai) )
| o
_ i Jziz)—l-l ij J,Z-:n_27n_3,...’1_
a .

Remarks: In the Gaussian elimination algorithm described above, we used the equations in
their natural order and we assumed at each step that the pivot element a,(ckk) # 0. So the
algorithm fails if the pivot element becomes zero during the elimination process. In order to
avoid an accidental zero pivot, we use what is called Gaussian elimination with scaled partial
pivoting.

Theorem 1.2

The total number of multiplications and divisions required to obtain the solution of an
n x n linear system using naive Gaussian elimination is

2

n3+
— n J—
3

n
3 o

Hence, for n large the total number of operations is approximately n3/3.

Example 1.4

Solve the system of equations

11 1 17/ =] [10
2 3 1 5 |z |31
-1 1 =5 3| |z3]| |2
3 1 7 =2] [x4] [18

Solution: The augmented matrix along with the row multipliers m;, are

pivotal element—[1 1 1 1 | 10
mn=2 [2 3 1 5 | 31
my = 3 3 1 7 —2 | 18

Subtracting multiples of the first equation from the three others gives

11 1 1 | 10
pivotal element — (0 1 -1 3 | 11
|

Myo = -2 |0 =2 4 -5 —12

© Dejen K. 2019 13
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Subtracting multiples, of the second equation from the last two, gives

11 1 1 | 10

01 -1 3 | 11

pivotal element — [0 0 —2 -2 | —14
’I’)’L43:—1 0 0 2 1 ‘ 10

Subtracting multiples, of the third equation from the last one, gives the upper triangular
system

11 1 1 | 10
01 -1 3 | 11
00 —2 —2 | —14f"
00 0 —1 | —4

The process of the back substitution algorithm applied to the triangular system produces
the solution

—4
x4:_—1:

—14+2$4 —6
x3:—:—:

To=11423—324=114+3—-12=2
r1=10—ay—23—24=10—2—-3—-4=1

Example: Matlab Solution

A=[1111;2315;-11-53;317 -2];
b=[10 31 -2 18]’;
ngaussel(A,b)

The augmented matrix is
augm =
1 1 1 1 10
2 3 1 5 31
-1 1 -5 3 -2
3 1 7 -2 18
The transformed upper triangular augmented matrix C is =
C =
1 1 1 1 10
0 1 -1 3 11
0 0 -2 -2 -14
0 0 0 -1 -4
The vector solution is =
x =
1
2
3
4

© Dejen K. 2019 14
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1.2.6 GAUSS ELIMINATION WITH PIVOTING

Having a zero pivot element is not the only source of trouble that can arise when we apply naive
Gaussian elimination. Under certain circumstances, the pivot element can become very small in
magnitude compared to the rest of the elements in the pivot row. This can dramatically increase
the round-off error, which can result in an inaccurate solution vector. To illustrate some of the
effects of round-off error in the elimination process, we apply naive Gaussian elimination to the
system

0.0002z, 4+ 1.471xe = 1.473
0.2346x; — 1.31729 = 1.029

using four-digit floating-point arithmetic with rounding. The exact solution of this system is
x1 = 10.00 and z5 = 1.000. The multiplier for this system is

0.2346
~0.0002

Applying naive Gaussian elimination and performing the appropriate rounding gives

moq = 1173.

0.0002x; 4 1.471z9 = 1.473
—172629 = —1727.

Hence,

1.473 — (1.471)(1.001)

0.0002
1.473 —1.472

0.0002
= 5.000.

I =

As one can see, 1, is a close approximation of the actual value. However, the relative error
in the computed solution for x; is very large: 50%. The failure of naive Gaussian elimination
in this example results from the fact that |a;;| = 0.0002 is small compared to |ais|. Hence, a
relatively small error due to round-off in the computed value, x5, led to a relatively large error
in the computed solution, x;.

A useful strategy to avoid the problem of having a zero or very small pivot element is to use
Gaussian elimination with scaled partial pivoting. In this method, the equations of the system
are used in a different order, and the pivot equation is selected by looking for the absolute
largest coefficient of xj, relative to the size of the equation. The basic idea in elimination with
partial pivoting is to avoid small pivots and control the size of the multipliers. The order in
which the equations would be used as pivot equations is determined by the index vector that
we call d = [dy,dy, -+ ,d,]. At the beginning we set d = [1,2,--- ,n]. We then define the scale
vector

c=ler,c9, ¢

where
C;, = max1§j§n|aij|,i = 1, 2, s, M.

The elimination with scaled partial pivoting consists of choosing the pivot equation such that
the ratio |a;1|/c; is greatest. To do that we define the ratio vector

r= [Tl,TQ,"‘ 7Tn]

© Dejen K. 2019 15
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where
T, = ]a1-1|/ci,i: 1,2,"' ,n.

If r; is the largest element in r, we interchange d; and d; in the index vector d to get the

starting index vector
d= [dj>d27"' adla"' 7dn]

This means that row j is the pivot equation in step 1. The Gaussian elimination is then used to
get an equivalent system of equation with zeros below and above the pivot element. Note that
during the elimination process, only elements in the index vector d have been interchanged and
not the equations. The process continues in this way until the end of step (n — 1) where a final
index vector is obtained containing the order in which the pivot equations were selected. The
solution of the system of equation is then obtained by performing a back substitution, reading
the entries of the index vector from the last to the first.

Example 1.5

Solve the system of equation using Gaussian elimination with scaled partial pivoting

1 3 =2 47 [x] [-11
2 =3 3 -1 |z 6
-1 7 -4 2| |z3|| -9
3 =1 6 2] |z 15

Solution:
A=[13 -2 4;2 -33 -1;-17 -4 2;3 -1 6 2];

b=[-11 6 -9 15]’;
gaussel(A,b)

The augmented matrix is =

augm =

1 3 -2 4 -11

2 -3 3 -1 6

-1 7 -4 2 )

3 -1 6 2 15
The scale vector =
c =

4 3 7 6
The index vector =
d = 2 1 4 3
The transformed upper triangular augmented matrix C is =
C =

2.0000 -3.0000 3.0000 -1.0000 -14.0000
0 4.5000 -3.5000 4.5000 6.0000

0 0 4.2222 0 4.0000
0 0 0 -4.0000 16.8889
The vector solution is =
x =
-2
1
4
-1

© Dejen K. 2019 16



1.2. DIRECT METHOD AMU

Example 1.6

Solve the system of equation using Gaussian elimination with scaled partial pivoting

0.0002 1471 | |x,| |1.473
0.2346 —1.317| |zo|  |1.029]°

Solution: r; = 10 and z5 = 1.

Ill-conditioning
A linear system is said to be ill-conditioned if the coefficient matrix tends to be singular, that
is, small perturbations in the coefficient matrix will produce large changes in the solution of
the system. For example, consider the following system in two equations:

1.00 2.00| {z1| _ [3.00
0.49 0.99] |xzo| |147|"
The exact solution of this system is x = [30]'. Now consider the system

1.00 2.00] 2]
[0.48 0.99] M = [3.001.47]

obtained by changing the entry as; = 0.49 of the previous system to 0.48.

The exact solution of this new system is x = [11]' which differs significantly from the
first one. Then it is realized that ill-conditioning is present. The difficulty arising from ill-
conditioning cannot be solved by simple refinements in the Gaussian elimination procedure. To
find out if a system of equations Az = b is ill-conditioned, one has to compute the so-called
condition number of the matrix A.

Example 1.7

Using the four decimal places computer, solve the linear system

0.729z; + 0.81x9 + 0.9z3 = 0.6867
T, + T+ x3 = 0.8338

Its exact solution rounded to four decimal places, is x1 = 0.2245; 25 = 0.2814&x3 =
0.3279
Solution without pivoting:

0.729 0.81 0.9 | 0.6867 Moy :%:1.372|R2<—R2—mmR1

1 1 1 | 08338 = il

1.331 121 1.1 | 1.0000 g = 2 = L) i <= i = g i
[0.729  0.81 0.9 | 06867 e
0.0 —0.1110 —0.2350 | —0.1084| — mgzz%:2.423|R?,<—Rg—mgz,R2
| 0.0 —0.2690 —0.430 | —0.2540 32
[0.729  0.81 09 | |0.6867
0.0 .0.1110 —0.2350 | —0.1084
| 0.0 0.0 0.0264 | 0.0087

Using back substitution the solution becomes, r1 = 0.2251, x5 = 0.2790, &x3 = 0.3295.
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Solution with pivoting:
To interchange 0 the rows i&j we will use the notation R; < R; .

0.729 0.81 0.9 | 0.6867 Mo = 2 = 0.7513|R, + Ry — ma1 Ry
1 1 1 | 08338 = Ry & Rs& s
1.331 1.21 1.1 | 1.0000 mg = —— = 0.5477|Rs Ry — ma1 iy
11
[1.331 121 1.1 | 1.0000 e
0.0 0.0909 0.1736 | 0.0825| == mgy = —55 = 0.6171|R; ¢ Ry — my2Ry
0.0 0.1473 0.2975 | 0.1390 o
[1.331 121 1.1 | 1.0000
0.0 0.0909 0.1736 | 0.0825
00 0.0 —0010 | —0.0033

The solution using backward substitution is 1 = 0.2246, 2, = 0.2812&z3 = 0.3280.
Comparing solution with and without pivoting to the exact solution rounded to four
decimal places, we observe that solution with pivoting is much accurate solution than
the solution without pivoting.

1.2.7 Gauss-Jordan Elimination Method

The Gauss-Jordan elimination method to solve a system of linear equations is described in the
following steps.

1. Write the augmented matrix of the system.

2. Use row operations to transform the augmented matrix in the form described below,
which is called the reduced row echelon form (RREF).

(a) The rows (if any) consisting entirely of zeros are grouped together at the bottom of
the matrix.

(b) In each row that does not consist entirely of zeros, the leftmost nonzero element is
a 1 (called a leading 1 or a pivot).

(¢) Each column that contains a leading 1 has zeros in all other entries.
(d) The leading 1 in any row is to the left of any leading 1’s in the rows below it.
3. Stop process in step 2 if you obtain a row whose elements are all zeros except the last one

on the right. In that case, the system is inconsistent and has no solutions. Otherwise,
finish step 2 and read the solutions of the system from the final matrix.

Note: When doing step 2, row operations can be performed in any order. Try to choose
row operations so that as few fractions as possible are carried through the computation. This
makes calculation easier when working by hand.
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Example 1.8

Given the following linear system with corresponding augmented matrix:

3x9 — 623 + 614 + 45 = —5
3x1 — Txg + 8xr3 — bry + 8x5 =9
3%1 — 911)2 + 12%3 — 911)4 + 61}5 =15

0 3 -6 6 4 =5
3 =7 8 =5 8 9
3 -9 12 -9 6 15

To solve this system, the matrix has to be reduced into reduced echelon form.
Step 1: Switch row 1 and row 3. All leading zeros are now below non-zero leading entries.

3 -9 12 -9 6 15
3 -7 8 -5 8 9
0 3 -6 6 4 =5

Step 2: Set row 2 to row 2 plus (-1) times row 1. In other words, subtract row 1 from row
2. This will eliminate the first entry of row 2.

3 -9 12 -9 6 15
0 2 -4 4 2 —6
0 3 -6 6 4 =5

Step 3: Multiply row 2 by 3 and row 3 by 2. This will eliminate the first entry of row 3.

3 -9 12 -9 6 15
0 6 —-12 12 6 —18
0 6 —-12 12 8 -10

Step 4: Set row 3 to row 3 plus (-1) times row 2. In other words, subtract row 2 from row
3. This will eliminate the second entry of row 3.

3 -9 12 -9 6 15
0 6 —-12 12 6 -18
0 0 0 0 2 8

Step 5: Multiply each row by the reciprocal of its first non-zero value. This will make every
row start with a,.

1 -3 4 -3 2 5

0 1 -2 2 1 -3

o 0 0 0 1 4

The matrix is now in row echelon form: All nonzero rows are above any rows of all zeros
(there are no zero rows), each leading entry of a row is in a column to the right of the
leading entry of the row above it and all entries in a column below a leading entry are

Zeros.
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As can and will be shown later, from this form one can observe that the system has
infinitely many solutions. To get those solutions, the matrix is further reduced into
reduced echelon form.

Step 6: Set row 2 to row 2 plus (-1) times row 3 and row 1 to row 1 plus (-2) times row 3.
This will eliminate the entries above the leading entry of row 3.

1 -3 4 -3 0 -3

o 1 -2 2 0 -7

0O 0 0 0 1 4

Step 7: Set row 1 to row 1 plus 3 times row 2. This eliminates the entry above the leading
entry of row 2.

10 -2 3 0 —24
01 -220 -7
00 0 01 4

This is a reduced echelon form, since the leading entry in each nonzero row is 1 and each
leading 1 is the only nonzero entry in its column.
From this the solution of the system can be read:

1 — 2$3 + 3%’4 =—-24
T — 2133 + 21’4 = -7

Ty = 4
Those equations can be solved for x1,xo and xs5:

$1:2$3—3$4—24
To = 2T3 — 204 — 7
1‘5:4

This is the solution of the system. The variables x3 and x4 can take any value and are
so called free variables. The solution is valid for any x3 and xy.

Solve the following system by using the Gauss-Jordan elimination method.

l.z4+y+2=5 2. x4+2y—3z2=2 3. dy+2=2
20+ 3y +52=28 6r +3y —92 =06 2r+ 6y —22=3
4z + 5z =2 Tr+ 14y — 212 =13 dr + 8y — bz =14

4 Ava invests a total of $10,000 in three accounts, one paying 5 interest, another
paying 8 interest, and the third paying 9 interest. The annual interest earned on
the three investments last year was $770 . The amount invested at 9 was twice the
amount invested at 5 . How much was invested at each rate?
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1. Solve the following linear system of equation by using Cramer’s rule, Gaussian
elimination method, and inverse method.

2rx1 + 519+ 33 =9 r+z=1 r+2y+z2=3

(a) 3xq+ 29+ 223 =3 (b) 2z +y+2=0 (c) 2z + 5y — z = —4
T, + 2x5 — 23 =06 r+y+2z=1 3r —2y—2=25

2. Use rank of matrix to determine the values of a, b and ¢ so that the following system

has:

a) no solution b) more than one solution ¢) a unique solution and solve it.
le+y—0bz=1 t+2y—3z=a r—2y+bz=3

i) 2x4+3y+az=3 ii) 2x46y—11z=5> iii) ar + 2z =2
z+ay+3z=2 15— M e — @ o + 2y =2

3. An electrical network has two voltage sources and six resistors. By applying both
Ohm’s law and Kirchhoff’s Current law, we get the following linear system of equa-

tions
Ri+ Rs+ Ry Rs Ry 11 Vi
Rs Rs + Rs + Rs —Rs5 o = | Vo
Ry —Rs Ri+ Rs + Rg| |13 0

solve the linear system for the current iy, 1o, and i3 if

(a) Rl = 1,R2 = 2,R3 = ]_,R4 = 2,R5 = ].,R(; :6, andV1 = 20,‘/2 = 30,
(b) Rl = 1,R2 = ]_,Rg = ]_,R4 = 2,R5 = 2,R6 = 4, and ‘/1 = 125,‘/2 = 225,
(C) Rl = 2,R2 = 2,R3 :4,R4 = 1,R5 :4,R6 :3, andVl :40,‘/2 = 306.
4. Use both naive Gaussian elimination and Gaussian elimination with scaled par-

tial pivoting to solve the following linear system using four-decimal floating point
arithmetic

0.0003x1 4 1.354x9 = 1.357
0.23222, — 1.544x9 = 0.7780

5. Solve the following set of four equations using the Gauss-Jordan elimination
method.

4r1 — 209 — 23 + 614 = 12

—6x1 + 729 + 6.523 — 624 = —6.5
1+ 7.59 + 6.25x3 + 5.5x4 = 16
—12x1 + 2229 + 15.523 — x4 = 17

1.3 LU Decomposition Method
Consider the system of equations
Ax =b.

The LU decomposition consists of transforming the coefficient matrix A into the product of two
rix
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having 1’s on its diagonal.

LU Decomposition Algorithm:

Given a real nonsingular matrix A, apply LU decomposition first:
A=LU.
Given also a right-hand-side vector b:
1. Forward substitution: solve
Ly=1»
2. Backward substitution: solve
Ux =y.

Two types of factorizations will now be presented, the first one uses Crout’s and Cholesky’s
methods and the second one uses the Gaussian elimination method.

1.3.1 Crout and Doolittle’s decomposition method

We shall illustrate the method of finding L and U in the case of a 4-by-4 matrix: We wish to
find L, having nonzero diagonal entries, and U such that

a1 G2 a1z aig lihn O 0 0 Uil U2 U3 Uig
ag Gz Gz Aoyl _ flon b O O || 0wz ugs umy
a31 (32 (a33 A34 l31 I3 l33 O 0 0 uszz ussl|
(41 Qa2 43 (44 lyn lag laz D] LO 0 0 ugy

Multiplying the rows of L by the first column of U, one gets
lil = aﬂ,i = 1, 2, 3, 4.

Hence, the first column of L is given by the first column of A. Next, multiply the columns of
U by the first row of L to get

hiuy = ay, 0= 2,3,4.
Thus,

Uy = &72 = 2a3747
l11

which give the first row of U. We continue in this way by getting alternatively a column of L
and a row of U. The result is

lio = a0 — ljjuie, 1 = 2,3, 4.

Ag; — l21u1i .
U= i = 3,4.
22

lis = aiz — lijuis — ligugs, 1 = 3,4.
asq — l31u14 — l32U94

Uzq = las )

lag = agq — lynurg — lagugy — lagusy.
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In algorithmic form, the factorization may be presented as follows for an n x n matrix:

j—1
lij = aij — Y lgtgg, j < i,i=1,2,--- ,n. (1.6)
k=1

i—1
Gy = 2 bty ;5 g5, (1.7)

Uiy = L S
(13

Note that this algorithm can be applied if the diagonal elements [;;, for each ¢ =1,--- ;n, of L,
are nonzero.

The LU factorization that we have just described, requiring the diagonal elements of U to
be one, is known as Crout’s method. If instead the diagonal of L is required to be one, the
factorization is called Doolittle’s method.

e l;=1,(i=1,2,3,---,n) the method is called Doolittle’s method.

e U;=1,(0=1,2,3,--- ,n) the method is called Crout’s method.

Example 1.9

Use Crout’s method to solve the system

1 1 1 17[m 10
2 3 1 5| |z |31
—1 1 =5 3| |z|  |-2|"
31 7 -2 |m 18

Solution: If A has a direct factorization LU, then

1 1 1 1 lll 0 0 0 U1 U2 U3 U4

A o 2 3 1 5 . l21 l22 0 0 0 U929 U3 U224
-1 1 -5 3 l31 132 l33 0 0 0 U3z U34 .

3 1 7 —2 l41 l42 l43 l44 0 0 0 Ug4q

By multiplying L with U and comparing the elements of the product matrix with those of A,
we obtain:

1. Multiplication of the first row of L with the columns of U gives

=1,

lhup =1 = up =1,
huz=1 = wz =1,
lhus =1 = uy =1.

2. Multiplication of the second row of L with the columns of U gives

l21 - 2a
lozuig +log =3 = loe = 3 — lyyu1n = 1,
lo1uig +122u93 = 1 = ugg = (1 - 521U13)/l22 =—1,

loruig + logtoy =5 = ugy = (5 - l21U14)/l22 =3.
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3. Multiplication of the third row of L with the columns of U gives

l31 - _17
lsiuig +lze =1 = I3 =1 —l51u12 = 2,
ls1u13 + l3gugs + I3 = =5 = I35 = =5 — l51u13l30U93 = —2,

ls1urg + lgouoy + lg3usy = 3 = ugy = (3 — l31u14 — l32u04)/l33 = 1.

4. Multiplication of the fourth row of L with the columns of U gives

l41 - 37
lpuig+le =1 = lp =1 —lyu = =2,

lpuig + lotos + s =7 = lyg = 7 — lyyurs — lypuas = 2,

lauig + ligtog + ligugy + gy = =2 = lyg = —2 — lyyugg — lagugg — lysusy = —1.
Hence,
1 0 0 0 1 1 1 1
2 1 0 01 -1 3
L=y 9 9 o|®dU=1g¢ 1
3 -2 2 -1 00 0 1

By applying the forward substitution to the lower triangular system Ly = b, we get

y1 =10

y2 = 31 —2(10) =11

ys = [—2+10—-2(11)]/(-2) =7

Yy = —[18 — 3(10) + 2(11) — 2(7)] = 4.

Finally, by applying the back substitution to the upper triangular system Uz = y, we get

r1=10—-4-3-2=1
o= —[11 —4—3(3)] =2
IE3:7—4:3

Ty = 4.
Computed results with MATLAB output

A=[1 11 1;2315;-11-53;317 -2];
b=[10 31 -2 18];

[L, UJ=LUdecompCrout (A)

y=ForwardSub(L,b)

x=BackwardSub (U, y)

L =
1 0 0 0
2 1 0 0
-1 2 -2 0
3 -2 2 -1
U =
1 1 1 1
1 -1
0 0 1 1
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0 0 0 1
The forward substitution gives
y =

10

11

7

4
The Backward substitution gives
x =

|

Exercise 1.5
Find the solution of system of linear equation using Crout’s and Doolittle’s method?
T+ + 23 =1

4$1+3$2—$3=6
3x1 + 5xy +3x3 =14

1.3.2 Cholesky Decomposition

Definition 1.2

Symmetric matrix is a square matrix that is equal to its transpose. Formally, matrix
A is symmetric if

A
|

o
5

Definition 1.3

A symmetric n x n real matrix A is said to be positive definite if the scalar XTAX
is positive for every non-zero column vector z of n real numbers. Here X denotes the
transpose of X.

This factorization is known as Cholesky’s method, and A can be factored in the form
A=LL"

where L is a lower triangular matrix. The construction of L is similar to the one used for
Crout’s method.
If we write out the equation

Ly 0 O Ly Ly Lz
A=LL" =Ly Ly O 0 Ly L
L3 L3» L33 0 0 Ls3
L3, (symmetric)
= | LaLn L3+ L3,
LsiLyi LsiLoy + LsaLoy L3 + L3, + L

Y
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An 0 0

L=|Axn/Lu \/ A2z — L3, 0

A31/L11 (A32 - L31L21) /L22 \/A33 - L%l - L%Q

and therefore the following formulae for the entries of L:

j—1
_ L 2
Lj,j - \IAJJ Z Lj,k’
k=1

1 i-1
Lij = .- (Az',j — Z Li,ij,k> for i > j.
k=1

Jod

The expression under the square root is always positive if A is real and positive-definite.

Example 1.10

Here is the Cholesky decomposition of a symmetric real matrix:

4 12 -16 200 2 6 -8
12 37 —43 | = 6 1 0 01 5 |.
—-16 —43 98 -8 5 3 00 3

And here is its LDLT decomposition:

4 12 -16 1 00
12 37 —43 | = 310
—-16 —43 98 -4 5 1

Example 1.11

Solve the system of equations
1 2 3 T 5
2 8 22| |zl =] 6
3 22 82| |z3 —10

Using the cholesky method. We write

1 2 3 i 0 O [l la I i L1l Linls
2 8 22| =|ly lp O 0 Iy | = |laln 131 + 152 lo1l31 + laalso
3 22 82 l31 I3 l33] [0 0 33 3111 Is1lo1 + l3alao l§1 + l§2 + l§3

Comparing the corresponding elements on both sides, we get

2, =1,orl; =1

2, =1,0rl;; =1

l11l31 = 3, or 33 =3

5, + 15, =8, or lyp=2
I31lo1 + l3aleo = 22 or I3 =8
B+, +15,=82 or I33=3
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1 00
Hence we get A= LLY Where L= |2 2 0
3 8 3
We write the given system of equations as
LTz =1

Ly=0b and L'z =y.

From Ly = b, we obtain

1 0 0 Y1 5 U1 5

22 0| lwl=| 6| = |l =|-2

3 8 3 Ys —10 Ys -3
From LTz =y, we obtained

1 2 3 T 5 I 2

0 2 8| |z =|-2| = |x2] =] 3

0 0 3| |z3 -3 T3 -1

Determine if the following matrix is hermitian positive definite. Also find its Cholessky
factorization if possible

1 21 1 2 2
A=12 3 3| &B=1|2 8 0
1 3 2 2 0 24

1.4 Indirect Iteration Method

1.4.1 Introduction

There are occasions when direct methods (like Gaussian Elimination or the use of an LU
decomposition) are not the best way to solve a system of equations. An alternative approach
is to use an iterative method.

Because of round-off errors, direct methods become less efficient than iterative methods when
they are applied to large systems, sometimes with as many as 100,000 variables. Examples
of these large systems arise in the solution of partial differential equations. In these cases,
an iterative method is preferable. In addition to round-off errors, the amount of storage space
required for iterative solutions on a computer is far less than the one required for direct methods
when the coefficient matrix of the system is sparse, that is, matrices that contain a high
proportion of zeros. Thus, for sparse matrices, iterative methods are more attractive than
direct methods.

An iterative scheme for linear systems consists of converting the system to the form

x ="V — Bz.
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After an initial guess, (¥ is selected, the sequence of approximation solution vectors is gener-
ated by computing z*) =¥ — Bz*~ for each k =1,2,3,--- .

1.4.2 Jacobi Method
A9
2

Suppose that (0 = 2 is an initial approximation to the solution x of the following system
()

of n equations in n unknowns:
E(l) Doanry + Gppere + o+ a, = bl
E<2) . 021.131 + a22.x2 + -+ Clgrfﬂfn = b.Q (18)

En): amry + aprs + - 4+ apr, = b,

Solving of the system of equations, we assume that the quantities a;; in the system are pivot
elements. The the system equation may be written as:

apnry = by — (a2 + a13x3 + - - + a1,2y)

Aty =by — (a1 + ag3xs + - - - + a2, Ty)

azrs = by — (az171 + azry + -+ a3.7y) (1.9)
pnLy = bn - (anll‘l + QpaTo + -+ ann—lfrn—l)

For the Jacobi Iteration method, from the i** equation in the system Az = b we isolate for the
each variable x;. Provided that a; # 0 for i = 1,2,--- ,n we get that:

. b1 — [algl’g + ai3xr3 + ... + alnxn}

X
a11

bg — [a21x1 + ao3x3 + ... + agnxn}

To =
22

M bp — [@n121 + Gno®a + .o+ Gy 1Tn 1
Y=

ann

in sigma notation, for each ¢ = 1,2,--- ,n, we have that:

bi — S g
3y = UL =it G (1.10)
Qi

To obtain our first approximation (" of the solution x using the Jacobi Iteration Method, we
take the isolated equations above and input the values of our initial approximation z(®) to get:

o bi— {algxgo) +apz) + .+ alnxgo)}
s an
O by — [a21x§0) + agga:go) + ..+ azn:cﬁlo)}
= 2 (1.11)

bn - {anlxg()) + aangO) + .+ an,n—ll}(zof)l}

ann
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Or in sigma notation, for ¢ = 1,2,--- ,n :

n (0)
RONSL SpY RZLL (1.12)
Qi

We can then use our approximation (! in a similar manner to obtain another approximation,
2 and so forth in the hopes that these successive approximations converge to the actual
solution z of Az = b. For each k > 1, the (k + 1) iteration of the Jacobi Iteration Method
yields:

k41 _ 1 k k
Ty ;(bl — a121’2 + Q1373 + -+ alnxn)
k41 1 k k
Ty = T(bg — a21£U1 + 2373 + -+ &ann)
k+1 1 k k
x3 = (b3 — as @ + agah + - + agak) (1.13)
k4l 1 k k k
= o (by = @@y + anaTy A+ 1Ty _y)

Matrix form

Let

be a square system of n linear equations, where:

aix aiz - Qip X1 by

a21 Q22 -+ Q2p X2 )
A - . . . . 3 X = ) b =

Ap1 Ap2 - Ann Tp bn

Then A can be decomposed into a diagonal component D, and the remainder R:

a; 0 -~ 0 0 ap - au,
0 amo - 0 a 0 - ao,
A=D+R whee D=|. = |andR=| " ?
0 0 T App an1  Qp2 - 0

The solution is then obtained iteratively via

x+D) = D71(b — RxW),

k) (k+1)

where x® is the kth approximation or iteration of x and x is the next or k + 1 iteration

of x. The element-based formula is thus:

AU G—Z%kj,hmzmm
a”L’L

J#i

(k+1)

The computation of z; k)

requires each element in z(®) except itself.

Convergence

The standard convergence condition (for any iterative method) is when the spectral radius of

the iteration matrix is less than 1:
p(D'R) < 1
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A sufficient (but not necessary) condition for the method to converge is that the matrix A is
strictly or irreducibly diagonally dominant. Strict row diagonal dominance means that for each
row, the absolute value of the diagonal term is greater than the sum of absolute values of other

terms:
Jai| > lai).
J#
The Jacobi method sometimes converges even if these conditions are not satisfied.
The iterative process is terminated when a convergence criterion is satisfied. One commonly
used stopping criterion, known as the relative change criteria, is to iterate until

\:r(k) —x(k—1)| ) :( W k))T

ECI

is less than a prescribed tolerance € > 0. Contrary to Newton?s method for finding the roots of
an equation, the convergence or divergence of the iterative process in the Jacobi method does
not depend on the initial guess, but depends only on the character of the matrices themselves.
However, a good first guess in case of convergence will make for a relatively small number of
iterations.

Example 1.12

Suppose we are given the following linear system:

1021 — 29 + 223 = 6,
—x1 + 1lzy — 23 + 324 = 25,
2x1 — x0 + 1023 — 24 = —11,
3r9 — x3 + 8x4 = 15.

If we choose (0,0,0,0) as the initial approximation, then the first approximate solution
is given by
(64+0—0)/10 = 0.6,
(25 — 0 — 0)/11 = 25/11 = 2.2727,
=(-11-0-0)/10 = —1.1,
zy = (15—-0—0)/8 = 1.875.
Using the approximations obtained, the iterative procedure is repeated until the desired

accuracy has been reached. The following are the approximated solutions after five
iterations.

T
T2
Z3

T i) T3 Ty

0.6 2.27272 -1.1 1.875
1.04727 | 1.7159 | -0.80522 | 0.88522
0.93263 | 2.05330 | -1.0493 | 1.13088
1.01519 | 1.95369 | -0.9681 | 0.97384
0.98899 | 2.0114 | -1.0102 | 1.02135

The exact solution of the system is (1,2, —1,1).
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Example 1.13

A linear system of the form Az = b with initial estimate z\¥) is given by

2 1 11 1
_ _ (0) _
A= LS 7], b= LZJ and z'v7V = [1]

We use the equation **Y = D7 (b — Rx™W)), described above, to estimate x. First,
we rewrite the equation in a more convenient form D~ (b — Rz®) = T2® + C, where
T =—D"'R and C = D™ 'b. Note that R = L + U where L and U are the strictly lower
and upper parts of A. From the known values

D—lzréz 1[/)7], L:[g 8] and U:B (1)]

we determine T = —D (L + U) as
- i b -

Further, C' is found as )
c_ 1/2 0 ||11| |11/2
L0 /7)) | 13/7)

With T and C calculated, we estimate z as x" = Tz© + C:

o l_g o Y 2] m + H;ﬁ] = [85/(;] ~ [1.1543]'

The next iteration yields

O L | R e M )

This process is repeated until convergence (i.e., until | Az™ — b|| is small). The solution

after 25 iterations is
| 7111
S ¢

1.4.3 Gauss-Seidel Method

We recently saw The Jacobi Iteration Method for solving a system of linear equations Az = b
where A is an n X n matrix. We will now look at another method known as the Gauss-Seidel
Iteration Method that is somewhat of an improvement of the Jacobi Iteration Method.

We will now obtain a first approximation to the solution (! of the actual solution z by using
the Gauss-Seidel Iteration Method. We compute xgl) by plugging in the values of our initial
solution approximation z(°). We then obtain an approximation to the entry xgl) of xgl). We
use this entry and the remaining entries from z(® to obtain an approximation of the entry

:vgl). We then use both xgl) and xgl) as well as the remaining entries from z(®) to obtain an
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approximation of the entry x ) and so forth, and thus:

1) b1 — Glg.ﬁ[g ) + &131’% ) + a14x§0) 4+ ...+ alnmgo)-

ar
(1) b2 - &21235 ) + CLQgZL’é ) -+ 0,241'1(10) + ...+ agna?%o)
X = - =
2 ) Q22 )
(1) b3 — CL31[L‘§1) + agglﬂél) -+ CL34I£LO) + ...+ agnxg))
$3 == - =

as3

(1)

b, — {Clnll'gl) + An2T9 -+ Gngl’( )

PPN

.
aTLTL
In sigma notation we have that each component ZL‘(I) for i =1,2,---,n of 2 is given by:
i 20
L0 _ b — [Z] 1@ijx; Uy 2=y Qi }
’ Qi

To obtain the second approximation £ of z using the Gauss-Seidel method, we would have
that:

@ by — —a12x§1) + &13[[’:())1) + a14:1:4(11) + ..+ alnazs)_

ry =
an
@ by — :6@11’52) + azgxél) + a24x§f) +...+ agnxg):
" Q22
(2 Us— :“311‘52) + agas) + agaz + .+ a3n$g):
S ass

(2) (2)

b, — [anlxl + anory’ + ansx@)

PPN

ann

In sigma notation we have that each component x ) for i = 1,2,---,n of 2? is given by:

2
.CE@) _ bi_[ j= laU ] Jrzj i+1 AijTy }
’ Qg4
We can continue approximating x with these solutions in the hopes that the sequence of ap-
proximations with the Gauss-Seidel method converges to the true solution. Thus for £ > 1 and

fori=1,2,---,n, the (k + 1) iteration of the Gauss-Seidel method can be defined as:

P = 1 k k k
= T(bl — (llgl’Z + Q1373 + -+ alnxn)
k 1
wy = oo (b — a2171 Yt agsak + -+ aguak)
k1 1 k+1 k
L3 = 25 (bs —as T 4 agah T 4 -+ agaak) (1.14)
k1 k1
okl = ﬁ(b — A 2T AT 4 a2t

The Gauss-Seidel method is an iterative technique for solving a square system of n linear

equations with unknown x:
Ax = b.
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It is defined by the iteration
Lx® D =p — Ux*

where x® is the kth approximation or iteration of x, x(kH) is the next or k£ 4 1 iteration of x

, and the matrix A is decomposed into a lower triangular component L,, and a strictly upper
triangular component U: A =L, +U
In more detail, write out A,z and b in their components:

aix Az - Qip X1 by

a21 QA2 -+ Q2p X2 by
A == . . . . 3 X = ) b=

Ap1 Ap2 - Ann Tn bn

Then the decomposition of A into its lower triangular component and its strictly upper trian-
gular component is given by:

a; 0 -+ 0 0 ap - ap
o1 Ao o 0 0 0 - ay,
A=L,+U where L,=| > 2 | U= ?
Apl Gpa *°*  Qpn 0 0 0

The system of linear equations may be rewritten as:
Lx=b-Ux

The Gauss-Seidel method now solves the left hand side of this expression for x, using previous
value for x on the right hand side. Analytically, this may be written as:

xFHD = 171 (b — Ux®).

However, by taking advantage of the triangular form of L., the elements of z(**1) can be
computed sequentially using forward substitution:

1 i—1
ngﬂ):(bi—z ”xkﬂ) Z i, )7 1=1,2,...,n.
27

j=1 Jj=i+1

The procedure is generally continued until the changes made by an iteration are below some
tolerance, such as a sufficiently small residual.

The element-wise formula for the Gauss-Seidel method is extremely similar to that of the Jacobi
method. The computation of xl(-kﬂ) uses only the elements of 1 that have already been
computed, and only the elements of () that have not yet to be advanced to iteration k + 1.
This means that, unlike the Jacobi method, only one storage vector is required as elements can
be overwritten as they are computed, which can be advantageous for very large problems.
However, unlike the Jacobi method, the computations for each element cannot be done in
parallel. Furthermore, the values at each iteration are dependent on the order of the original
equations.

Convergence

The convergence properties of the Gauss-Seidel method are dependent on the matrix A. Namely,
the procedure is known to converge if either:
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e A is symmetric positive-definite, or
e A is strictly or irreducibly diagonally dominant.

The Gauss-Seidel method sometimes converges even if these conditions are not satisfied.

Example 1.14

A linear system shown as Ax = b is given by: A = [176 _?11] and b = H;’] We want
to use the equation x*™ = L-Y(b—Ux®) in the form x**tV = Tx® + C where:
T=—L;'U and C = L;'b. We must decompose A into the sum of a lower trian-
gular component L, and a strict upper triangular component U: L, = [176 _011] and

U= [8 8} The inverse of L, is:

-l 16 0 _1_ 0.0625  0.0000
* |7 =11  [0.0398 —0.0909

Now we can find:

T _ 0.0625  0.0000 « 0 3| |0.000 —0.1875
~(0.0398 —0.0909 0 0| ]0.000 —0.1193|’

c— 0.0625  0.0000 « 11 | 0.6875
~10.0398 —0.0909 13| |—0.7443|

Now we have T and C and we can use them to obtain the vectors x iteratively. First
of all, we have to choose x'%: we can only guess. The better the guess, the quicker the

algorithm will perform. We suppose: @ = Hg] We can then calculate:
) _ [0.000 —0.1875]  [1.0] N [0.6875 | [ 0.5000 |
~ [0.000 —0.1193| © |1.0] " |—0.7443] ~ |—0.8636]"
4@ _ [0.000 —0.1875) [ 0.5000 | N [0.6875 | [ 0.8494 |
~ [0.000 —0.1193| © |-0.8636] ' |—0.7443| ~ |-0.6413|
@ _ [0.000 —0.1875) [ 0.8494 | N [0.6875 | [ 0.8077 |
~ [0.000 —0.1193| © |-0.6413] " |—0.7443| ~ |—-0.6678]
L@ _ [0.000 —0.1875] [ 0.8077 | N [ 0.6875 | [ 0.8127 ]
~ [0.000 —0.1193| © |-0.6678] " |—0.7443| ~ |—0.6646]
L, _ [0.000 —0.1875] [ 0.8127 | N [ 0.6875 | [ 0.8121 ]
~[0.000 —0.1193] © |-0.6646| * |—0.7443| ~ |—0.6650]"
(@ _ [0.000 —0.1875] [ 0.8121 | N [ 0.6875 | [ 0.8122 ]
~ [0.000 —0.1193| © |-0.6650| ' |—0.7443| — |—0.6650]
As expected, the algorithm converges to the exact solution: x = A™'b ~ —OOSéGQE?O] I

fact, the matrix A is strictly diagonally dominant (but not positive definite).
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Example 1.15

Another linear system shown as Ax = b is given by: A = E ﬂ and b = Hél . We want

to use the equation
x®D) = 171 (b — Ux®)

in the form
xk+1) — px®) 4 ¢
where: T = —L;'U and C = L;'b. We must decompose A into the sum of a lower
triangular component L, and a strict upper triangular component U: L, = [g 2] and
0 3| .
U= [O 0]. is:

s [2 0] _ 0500 0.000
* T 15 7| T |-0.357 0.143

Now we can find:

T _ 0.500  0.000 y 0 3| (0.000 —1.500
~ |—0.357 0.143 0 0| ]0.000 1.071 |

= 0.500  0.000 o 11 | 5.500
~|—0.357 0.143 13| |—2.071|

Now we have T and C' and we can use them to obtain the vectors x iteratively.
First of all, we have to choose x©): we can only guess. The better the guess, the quicker

will perform the algorithm.
We suppose:
1.1
) _
T [2.31‘
We can then calculate:
L0 _ 0 —1.500 « 1.1 n 5.500 |  [2.050
|0 1.071 2.3 —2.071|  (0.393]|"

(2) 0 —1.500 2.050 5.500 4911
B = X =F = .
0 1.071 0.393 —2.071 —1.651

2B —

If we test for convergence we’ll find that the algorithm diverges. In fact, the matrix
A is neither diagonally dominant nor positive definite. Then, convergence to the exact

solution
1, |38
x=A"b= [ 99 ]

is not guaranteed and, in this case, will not occur.
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Example 1.16

Suppose given k equations where x,, are vectors of these equations and starting point x.
From the first equation solve for x, in terms of 11, Ty 49, ..., T,.. For the next equations
substitute the previous values of xs.

To make it clear let’s consider an example.

101}1 —T9 +2113 = 6,
—x1 +1lxy —x3 +3ry = 25,
21’1 —T9 +10$3 —Ty4 = —11,

3(E2 —XI3 +8$4 = 115

Solving for x1, x9, x3 and x4 gives:

x1 = x2/10 — x3/5 + 3/5,

Ty = 21 /11 + 23/11 — 324/11 + 25/11,
3 = —11/5 + 22/10 + 24/10 — 11/10,
xry = —329/8 + x3/8 + 15/8.

Suppose we choose (0,0,0,0) as the initial approximation, then the first approximate
solution is given by

z1 =3/5 = 0.6,

zg = (3/5)/11 + 25/11 = 3/55 + 25/11 = 2.3272,

z3 = —(3/5)/5 + (2.3272)/10 — 11/10 = —3/25 + 0.23272 — 1.1 = —0.9873,
24 = —3(2.3272) /8 + (—0.9873) /8 + 15/8 = 0.8789.

Using the approximations obtained, the iterative procedure is repeated until the desired
accuracy has been reached. The following are the approximated solutions after four
iterations.

T T I3 Ty

0.6 2.32727 —0.987273 0.878864
1.03018 2.03694 —1.01446 0.984341
1.00659 2.00356 —1.00253  0.998351
1.00086 2.0003 —1.00031  0.99985

The exact solution of the system is (1,2,—1,1).

1.5 Eigenvalue Problem

The calculation of eigenvalues and eigenvectors is a problem that plays an important part in a
large number of applications, both theoretical and practical. They touch most areas in science,
engineering, and economics. Some examples are the solution of the Schrédinger equation in
quantum mechanics, the various eigenvalues representing the energy levels of the resulting
orbital, the solution of ordinary equations, space dynamics, elasticity, fluid mechanics, and
many others.

© Dejen K. 2019 36



1.5. EIGENVALUE PROBLEM AMU

1.5.1 Basic Introduction

Le A be a real square, n x n matrix and let  be a vector of dimension n. We want to find
scalars A for which there exists a nonzero vector x such that

Az = Az (1.15)

When this occurs, we call A an eigenvalue and z an eigenvector that corresponds to A. Together
they form an eigenpair (A, z) of A. Note that Eqn. ([1.15]) will have a nontrivial solution only if

p(A\) = det(A— \I) = 0. (1.16)

The function p(\) is a polynomial of degree n and is known as the characteristic polynomial.
The determinant in Eqn. (1.16]) can be written in the form

ay — A Q12 s Q1n
a21 agy — A c Aon 0
an1 Ap2 ** Ann — >\

It is known that p is an nth degree polynomial with real coefficients and has at most n distinct
zeros not necessarily real. Each root A can be substituted into Eqn. to obtain a system
of equations that has a nontrivial solution vector x. We now state the following definitions and
theorems necessary for the study of eigenvalues.

Definition 1.4

The spectral radius p(A) of an n x n matrix A is defined by
p(A) = maxi<i<n|Ail

where \; are the eigenvalues of A.

Theorem 1.3

1. The eigenvalues of a symmetric matrix are all real numbers.

2. For distinct eigenvalues \ there exists at least one eigenvector v corresponding to
A.

3. If the eigenvalues of an n X n matrix A are all distinct, then there exists n eigen-
vectors v; , for j =1,2,---, n.
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Example 1.17

Find the eigenpairs for the matrix

2 -3 6
0 3 —4f.
0 2 -3

Solution: The characteristic equation det(A — X\I) = Ois
—N 42X+ A —2=0.

The roots of the equation are the three eigenvalues \y = 1, A\ = 2, and A3 = —1. To find
the eigenvector x; corresponding to Ay, we substitute \y = 1 to Eqn. to get the
system of equations

I —3$2+6{E3 =0
2.%'2 —4$3 =0
21‘2 —41'3 =0.

Since the last two equations are identical, the system is reduced to two equations in three
unknowns. Set x3 = «, where « is an arbitrary constant, to get xo = 2« and x; = 0.
Hence, by setting a = 1, the first eigenpair is Ay = 1 and x; = (0,2,1)". To find s,
substitute Ay = 2 to Eqn. to get the system of equations

—3.T2 ol 6273 =0
Ty — 41’3 =0
2I2 - 51‘3 = 0.

The solution of this system is x1 = o, x5 = x3 = 0. Hence, by setting o = 1, the second
eigenpair is Ay = 2 and x5 = (1,0,0)T . Finally, to find x3 substitute A3 = —1 to Eqn.
to get the system of equations

31‘1 — 3.’13'24‘61’3 =0

41’2 - 41‘3 =0
2%2 - 2.1’3 =0.
The solution of this system is r1 = —«, x9 = r3 = «. Hence, by setting o = 1 the third

eigenpair is \3 = —1 and x3 = (—1,1,1)T .
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Example 1.18

Consider the matrix A = [2

1
1 . Taking the determinant to find characteristic polynomial

1 2
of A,
2 1 10 2-)\ 1
|A_M|_H1 2]‘%0 1”" 1 2=\
=3 —4)\+ )2

Setting the characteristic polynomial equal to zero, it has roots at A = 1 and \ = 3,
which are the two eigenvalues of A.
For \ =1, the cxc equation becomes,

(A= Dy = E ﬂ m N m

Any non-zero vector with v; = —vy solves this equation. Therefore,

o[

is an eigenvector of A corresponding to A = 1, as is any scalar multiple of this vector.
For \ =3, CXC Equation becomes

(A —3I)vrzg = [_11 _11] [Zj - m

Any non-zero vector with vy = vy solves this equation. Therefore,

el

is an eigenvector of A corresponding to A = 3, as is any scalar multiple of this vector.
Thus, the vectors vy—; and vy—3 are eigenvectors of A associated with the eigenvalues
A =1 and X\ = 3, respectively.

As mentioned above, the eigenvalues and eigenvectors of an n x n matrix where n > 4 must
be found numerically instead of by hand. The essence of all these methods is captured in the
Power method, which we now introduce.

Definition 1.5

Let Ay, Ao, A3, - -+ , A\, be the eigenvalues of an matrix A. \; is called the dominant eigen-
value of A if |A\1| > |\ fori =2, 3, 4, ---, n. The eigenvectors corresponding to \; are
called dominant eigenvectors of A.

1.5.2 Power Method

The power method is a classical method of use mainly to determine the largest eigenvalue in
magnitude, called the dominant eigenvalue, and the corresponding eigenvector of the system

Ax = \zx.
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Theorem 1.4

If A is an diagonalizable matrix with a dominant eigenvalue, then there exists a nonzero
vector x such that the sequence of vectors given by

2 3 4 5 6 n
Axy, Axy, A’xy, Az, A’xo, Az, -+, A"xg, - --

approaches a multiple of the dominant eigenvector of A.

Proof Because A is diagonalizable, you know that it has n linearly independent eigenvectors
x1, To, ,x3, -+, T, with corresponding eigenvalues of A1, Ag, A3, ---, \,. Assume that these
eigenvalues are ordered so that A; is the dominant eigenvalue (with a corresponding eigenvector
of x1). Because the n eigenvectors xi, xo, ,x3, -+, x, are linearly independent, they must
form a basis for R™. For the initial approximation xy choose a nonzero vector such that the
linear combination

To = C1T1 + CoTo + - -+ + CpTy

has nonzero leading coefficients. (If ¢; = 0 the power method may not converge, and a different
xo must be used as the initial approximation.) Now, multiplying both sides of this equation by
A produces

Azg = A(c1mq + coxo + -+ - + cpy)
Az = ¢1(Axy) + co(Axg) + -+ - + ¢, (Axy,)
A.T() = Cl()\1$1) + Cg(/\QIL'Q) —|— s + cn(/\nxn)

Repeated multiplication of both sides of this equation by A produces
Akxo = Cl(A’fl'l) + CQ()\’SI’Q) + -+ Cn()\l;l’n)

which implies that
A An
Arzg = Moz + () ray + -+ e (52) a2,
A1 A
Now, from the original assumption that \; is larger in absolute value than the other eigenvalues
it follows that each of the fractions

r s An
Mo N

is less than 1 in absolute value. So each of the factors

CORNCORERINGS

must approach 0 as k approaches infinity. This implies that the approximation
Ak.’L'O ~ Cl>\1$1

improves as k increases. Because z; is a dominant eigenvector, it follows that any scalar mul-
tiple of z; is also a dominant eigenvector, so showing that A¥z, approaches a multiple of the
dominant eigenvector of A.

Ai
Note The power method will converge quickly if I 1 =2, 3, ---, nissmall, and slowly if
1
s
= i=2,3, -+, nis close to 1.
A1
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Hence first assume that the matrix A has a dominant eigenvalue with corresponding domi-
nant eigenvectors. Then choose an initial approximation xy of one of the dominant eigenvectors
of A. This initial approximation must be a nonzero vector in R" Finally, form the sequence
given by

Ty = A(EO
To = A.’L'l = A(AZIZ'()) = AZZ'O
T3 = AIQ = A(AQCE()) = A3.I'0

xp = Axy_y = A(AF ) = AFag

For large powers of k, and by properly scaling this sequence, you will see that you obtain a good
approximation of the dominant eigenvector of A. This procedure is illustrated in the following
Example.

Example 1.19

Approximating a Dominant Eigenvector by the Power Method Complete six iterations of
the power method to approximate a dominant eigenvector of

4 2 =2
-2 8 1
2 4 4

by the Power Method

Solution: Begin with an initial nonzero approximation of
1
Ty = 1
1

Then obtain the following approximations.

(4 2 2] 1 4 0.5714

2 4 -4 1] |2 0.2857

i 2 —2] [0.5714 3.7143 0.52
ro=Ax;=|-2 8 1 1 = [7.1429| = 7.1429 |1.00

|2 4 —4] [0.2857 4 0.56

i 2 —2] [0.52 2.96 0.3936
r3=Ars=|—-2 8 1 1.00| = |7.92] = 7.52| 1.000

|2 4 —4] [056] |28 0.3723

(4 2 —2] [0.3936] [2.8298] [0.3731]
x4 =Axz3=|-2 8 1 1.000 | = [7.5851| == 7.5851 | 1.00

|2 4 —4] |0.3723)  |2.2079] 0.4348

I 2 —2] [0.3731] [2.6227] [0.3411]
x5 =Axy=|-2 8 1 1.00 | = |7.6886| = 7.6886 | 1.00

|2 4 —4] |04348] [3.0070] 0.3011]
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4 2 -=2| (0.3411 2.5197 0.3255
re = Axs=|—2 8 1 1.00 | = [7.7401| = 7.7401 | 1.00
2 4 —4]10.3911 3.0760 0.3974

The results show that the differences between the vector [x;] and the normalized vector
[z;1;] are getting smaller. The value of the multiplicative factor (7.7401) is an estimate
of the largest eigenvalue.

Theorem 1.5

Determining an Eigenvalue from an Eigenvector If x is an eigenvector of a matrix A, then
its corresponding eigenvalue is given by

)\:Axt*x

Tt x x

This quotient is called the Rayleigh quotient

Proof Because x is an eigenvector of A, you know that Ax = Az and can write

(Az) x 2t ()\x)*xt:)\x*xt )

T x xt T x xt T x xt

In cases for which the power method generates a good approximation of a dominant eigen-
vector, the Rayleigh quotient provides a correspondingly good approximation of the dominant
eigenvalue

Example 1.20

Consider the eigenvalue problem

-9 14 4 T I
-7 12 4 To| = A i)
0 0 1 T3 xT3

where the eigenvalues of A are \y = 5, Ay = 1, and \3 = —2.
Solution: As a first guess, we choose zy = (1,1,1)T . Now compute

-9 14 4] |1 9 1
0 0 1] |1 1 1/9

We have normalized the vector by dividing through by its largest element. The next
iteration yields

-9 14 4 1 1
0 0 1] |1/9 1/49

After 10 iterations, the sequence of vectors converges to

r=[1,1,1.02 x 10787,

and the sequence Ay, of constants converges to A = 5.
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Example 1.21

The Power Method with Scaling Calculate seven iterations of the power method with
scaling to approximate a dominant eigenvector of the matrix

1 20
=2 Il %
1 31

Use xg = (1,1, 1)"as the initial approximation.
Solution:
One iteration of the power method produces

1 2 0] (1 3 0.60
Axg=[-2 1 2| |1| = |[1| =50.20
1 3 1] |1 ) 1.00

and by scaling you obtain the approximation

1 3 0.60
x1=—-|1| = (0.20
5 1.00
A second iteration yields
1 2 0] {0.60 1.00 0.45
Ary=|—-2 1 2| (0.20] = |1.00] = 2.2 |0.45
1 3 1] [1.00 2.20 1.00
1 0.45 0.45
T2 =55 0.45] = [0.45
= 11.00 1.00

Continuing this process, you obtain the sequence of approximations shown in the following

Table
To T i) T3 T4 Ty Tg T
1 0.6 0.45 0.48 0.51 0.50 0.50 0.50
1 0.2 0.45 0.55 0.51 0.49 0.50 0.50

1 1 1 1 1 1 1 1
0.50
From the Table above you can approximate a dominant eigenvector of A to be |0.50
1

Using the Rayleigh quotient, you can approximate the dominant eigenvalue of A to be
A = 3 (For this example you can check that the approximations of x and \ are exact.)

T X9 T3 T4 T Tg X7
I T
5.00 2.20 2.82 3.13 3.02 2.99 3.00

are approaching the dominant eigenvalue A\ = 3
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1.5.3 Inverse Power Method

Inverse power method can give approximation to any eigenvalue. However, it is used usually to
find the smallest eigenvalue in magnitude and the corresponding eigenvector of a given matrix
A. The eigenvectors are computed very accurately by this method. Further, the method is
powerful to calculate accurately the eigenvectors, when the eigenvalues are not well separated.
In this case, power method converges very slowly.

If \ is an eigenvalue of A, then X is an eigenvalue of A~! corresponding to the same eigen-

1
vector. The smallest eigenvalue A in magnitude of A is the largest eigenvalue h in magnitude

of A=!. Then choose an initial approximation xy of one of the dominant eigenvectors of A~
This initial approximation must be a nonzero vector in R" Finally, Applying the power method
on A~!, we have

xr1 = A_IZL'O
zyg=A""oy = AT (A ) = (A7)0
x5 = A" wy = ATN((A71)2x0) = (A7) 0

zp = A mpy = ATN((ATY ) = (A7)

For large powers of k, and by properly scaling this sequence, you will see that you obtain a good
approximation of the dominant eigenvector of A. This procedure is illustrated in the following.
Then using Rayleigh quotient we can fined the dominant eigenvalue of A~!

1 Alzxa

A T * xt

Example 1.22

Find the smallest eigenvalue in magnitude of the matrix

use four iteration of the inverse power method.
Solution:

The smallest eigenvalue in magnitude of A is the largest eigenvalue in magnitude of A~

We have
3 2

At=-12 4

1 2

W N =

1
4

Then use xg = (1, 1, 1)* and apply inverse power method with scaling.
First approximation

32 1.5 1
14—1:,;0:14—1:Z 2 4 2| |1|l=|2| = z;=1.333
1 2 3|1 1.5 1
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Example: Solution

Second Approximation

(321 1 1.6667 1.0000
A_lxlzzl 2 4 2| (1.333] = [2.3333| = 1z, = |1.4000] .
1 2 3 1 1.6667 1.0000
Third approximation
L [3 2 1] [1.0000 1.7000 1.0000
A—lsczzZ 2 4 2| [1.4000| = {2.4000] = x5 = |1.4118] .
1 2 3| |1.0000 1.7000 1.0000

Fourth approximation

1 3 2 1] (1.0000 1.7059 1.0000
Alzs==12 4 2| [1.4118] = |2.4118| = 2z, = |1.4138] .
- 1 2 3| |1.0000 1.7059 1.0000
1.0000
From the above we can approximate a dominant eigenvector of A~! to be {1.4138 . After
1.0000
four iteration using the Rayleigh quotient, you can approximate the dominant eigenvalue
of A7t is .
1 3 2 1] [1.0000 1.0000
- 112 4 2| (14138 1.4138
1 4({1 2 3] L.OOOOD L.oooo]
g = 1.7071.
\ 1.0000
([1.0000 1.4138 1.0000}){1.4138]
1.0000
Therefore A = 0.5858 is required eigenvalue. The corresponding eigenvector is

[1.0000 14138 1.0000] "
The smallest eigenvalue of A is 2 — V2 = 0.5858.

1.6 System of Non-linear Equations

Recall that at the end of Chap. 2 we presented an approach to solve two nonlinear equations
with one unknowns. This approach can be extended to the general case of solving n simultaneous
nonlinear equations.

.fl(xtha”' 7xn):0
fg(fEl,xQ,"' 7'Tn):0
f3(.fl?1,.’ll'2,"‘ 7'7;71,):0

fn(xthJ e ,.Tn) =0

The solution of this system consists of the set of x values that simultaneously result in all the
equations equaling zero.
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1.6.1 Newton Raphson method
Newton’s Method for Solving Systems of Two Nonlinear Equations

Recall from the Newton’s Method for Approximating Roots section that if we have a
function y = f(z) and « is a root of this function, then if we have an initial approximation z
of this root, then we can define the tangent line of the point (xg, f(zo)) as:

pi(z) = f(xo) + f'(z0)(x — 20) (1.17)

f(z0)
f(@o)
this value of x; will be a better approximation of the root xy. We then repeat the process to

obtain a sequence of approximations {xg, z1,--- ,zn, - } that once again, under ideal circum-
stances, will converge to the root a. The general formula for the x-intercept approximations
is:

We then take the root of this line which we denote as x1 = z¢— Under ideal circumstances,

f(zn)

We will now look at a slightly modified form of Newton’s Method in approximating the solutions
to a system of two nonlinear equations with two unknowns. Consider the following system of
two nonlinear equations of the two variables x and y:

{f(x’y) -V (1.19)

Tnp1 = f(2n) = (1.18)

g(w,y) =0

Now suppose that a solution (a, 3) to this system exists and that (g, o) is an initial approx-
imation to this solution. Now note that z = f(z,y) and z = g(x,y) will represent surfaces in
R3. The best approximation of these surfaces at the point (o, yo, f(x0, y0)) will be the tangent
plane that passes through this point. The general equation for this tangent plane is given by:

pi(.) = F(0,0) + (& = 20) o [0, 0) + (v~ w) o flaowo)  (120)

dy
Provided that f(zo,0) is close enough to 0 (such as to be close enough to satisfy f(x,y)=0)
then the level curve,p;(z,y) = 0 which actually represents a straight line in R? can be used to
approximate the level curve f(z,y) = 0 for points (z,y) that are near (xo, yo).
Furthermore, we can apply the same procedure to the surface z = g(x,y). The best approxi-
mation to this surface at the point (o, yo, g(zo,yo)) is the tangent plane that passes through
this point and given by the following equation:

¢1(7,y) = g(wo, yo) + (z — xo)aaxg(wo, Yo) + (y — yo)gyg(mo, Yo) (1.21)

Provided that g(xg, o) is close enough to 0 then the level curve ¢;(x,y) = 0 (which represents
a straight line in R?) can be used to approximate the level curve g(x,y) = 0 for points (z,y)
near (o, Yo).

Now we can approximate the solution («a, 3) of interest between the curves f(z,y) = 0 and
g(x,y) = 0 with the solution between the lines p;(z,y) = 0 and ¢, (z,y) = 0. Let (z1,91) be
pi(z,y) = O. Then
il (l’ ) y) =0
approximation to the solution (a, ) of the nonlinear system from earlier.

Now to find the intersection of pi(x,y) = 0 and ¢;(x,y) = 0 is simple. We only need to solve
the following system of equations:

the solution to the now linear system, { (x1,y1) will hopefully be a better
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aaxf(xo; vo) + (y — yo)gf(ato, o) =0

f(zo,90) + (x — 20) By

0 0
9(x0,0) + (x — l'o)éhg(iﬁoj Yo) + (y — 3/0)@9(330; Yo) =0

This system can be more nicely compressed using matrices. If we let x —xy = 0, and y—yy = 9,
then:

%g(xn,yn) %g(xmyn) 5y,n g(xm yn)

The (hopefully) better approximation to the solution (a, 8) will be (z1,y;) where x; = 29+ 6,
and y; = yo+9,. We can then repeat this process in hopes that the sequence of approximations
(20,%0), (x1,y1), -+, (T, Yn), - -+ converges to the solution (a, §). More generally, each iteration
of this algorithm for n =0,1,2,--- can be computed in matrix form as:

[Bif(.’tmyn) %f(armyn)] lém,n] _ lf(xnaﬂ

2 9@, yn) 2 9(@n,yn) | [Oyn 9(@n, Yn)

And each successive approximation is given by x,41 = =, + 0, and Y41 = Yo + Oy .

Example 1.23

3 _
Consider the following non-linear system of equations {yf —+xy—_—11
solution («, ) such that o, > 0. Let (0.9,0.9) be an initial approximation to this
system. Use Newton’s method with three iterations to approximate this solution.
It’s not hard to see that the solution of interest is («, ) = (1,1) which can be obtained
by substituting one of the equations into the other. Regardless, we will still use Newton’s
method to demonstrate the algorithm.

We first rewrite our system of equations as:

fl@y)=2"+y—-1=0
9(@,y) =y’ —r+1=0

. There exists a

We now compute the partial derivatives of f and g. We have that:
= 2
o 55 -1 3y

We will use the matrix above for each iteration. For the first iteration, we need to solve
the following system of equations:

PO sowr] o] = [Hosiod)

243 1 | |dz0| _ |0.629
—1 2.43| |d,0| [0.829
In solving this system, we get that ¢,, = 0.101 and that ¢, ; = 0.383. Therefore we have

that:

1= 2o+ 0z0 = 0.9+0.101 = 1.001  y; = yo + dy0 = 0.9 +0.383 = 1.283
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For the second iteration, we want to solve the following system of equations:

lg(l.om)2 1 ] laﬂ _ [f(1.001,1.283)]

—1  3(1.283)2| |8,1| ~ |g(1.001,1.283)

[3.006003 1 ] [5%1] B [1.286003]

=1l 4.938267| |0,1|  |2.110932

When we solve this system, we get that 6,2 = 0.201143 and 6, o = 0.400208. Therefore
we have that:

Ty = 1 + 6,1 = 1.001 +0.201143 = 1.202173
Yo = y1 + 0,1 = 1.283 + 0.400208 = 1.683208

Newton’s Method for Solving Systems of Many Nonlinear Equations

One approach to solving such systems is based on a multidimensional version of the Newton-
Raphson method. Thus, a Taylor series expansion is written for each equation about the point

(xlfa xév ) xfz) we geta
fi(@h+ A 2y, x%—l— A 9, a , TR+ A y,) 251(I]f+ Axy, 8+ Ay, oo 2+ ATy,
+ [A $1%+ A .:UQ% +---+ A l’n%]fl(l'lf, 11)’5, Tty 11),’2)—‘—
1 2 n
1 0 d J b, r & X
Q[A%TMWLA@%JF”WLA%T%] filzy, @3, s ap) =0
fo(@h+ A 2y, x%—l— A g, a , TR+ A y,) :gg(x’f—k Az, T8Ny, oo 2+ ATy,
+ [A 171%4— A 112% +-- -+ A l’nT]fg(l'lf, ZL‘];, SR x,’ﬁ)+
1 2 n
1 0 B e b . (1.22)
i[ﬁx1%+ﬁf2%+”'+ﬁxn%] folay, @3, - ay)+---=0
fulab+ A xy, 2b+ A x, - b+ A 2,) = K4 A Kb Axy, oo, 2F4 A
n\dL1 1, an T2, @? T, + lﬁ) —gn(x1+ T1, Tyt A @, » Tyt .’L’n)
+ [a Tyt By et D xn%]fn(x’f, ah, e, ah)+
1 0 0 '
— (A 2 —+ A To—— A T, 2nxk xk’... xk ..=0
2|[ 18I1+ 28I2+ + axn] f( 1 42 ) n)+
Neglecting 2" and higher powers of Az, Axs, --- and Az, we obtain
fi(@h+ Az, b+ A xag, e xﬁg A ) = f1(-’E]f'BA Ty, T+ A my, o, TP+ A wy)
+ [Azi=—+ A ze—+ 4 Az fr(ak, 2k, -, 2F)
8:61 8252 &Un ! 2 "
fo(zh+ Az, 25+ A xag, e xﬁ; A 1,) = fg(:v’fng Ty, T4 A py, o, 24 A Ty)
+ [A T—+Axo7—+ -+ A xni]f2(xllca xlga T l’ﬁ)

Oy Oy oz, (1.23)
fo(@h+ Az, 2b+ A ao, -, 2F+ A xy) = fu@h+ Ay, b+ A ay, - 2F 4 A 2y)
+ [A:Ei—f—ﬁ i—i—--'—}-A i]f(k koo k)

18[13'1 :L‘Qal'g xnax n\L1, Tg, y Ty

© Dejen K. 2019 48



1.6. SYSTEM OF NON-LINEAR EQUATIONS AMU

Since 2 = b + Axy, 25T = 2k + Axy, -+ and 28 = 2F + Ax, writing the equation in
matrix form, we get
S AXY = —F(X") (1.24)
on of O
Or1  0xo ox, k+1  k
oh on  on o ot
Ox, Ox,  Ox 2T
where Jk = ! . 2 " at (xlfa .Tg, ) .TZ) 7AXk - ' and
Ofu Ofu . O o
_8x1 8x2 axn_
fl(xlfa 13]5, xlgﬂ ) l’f’;)
f2<xll€v l‘g, xl?j’ ) xfz)
F(X*) = : Therefore equation can be written as AX* = —J, ' F(XF)
fn<xlf7 xlga xlgv ) Iﬁ)
(X = [XH] gt (e k=0,1,2,3, - (1.25)

The convergence of the method depends on the initial approximation Xy. A sufficient condition
for convergence is that for each k
-1
17 < 1.

whereas a necessary and sufficient condition for convergence is
—1
p(J ") <1

Where ||.|| is suitable norm and p(J; ') is the spectral radius (large eigenvalue in magnitude)
of the matrix J; !
if the method converges, then its rate of convergence is two. The iterations stopped when

HXk-‘rl _XkH <€

Where € is the given error tolerance.
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Example 1.24

perform three iterations of the Newton-Raphson Method to solve the system of equations

?+ay+y? =7
B +yP=9

Take initial approximation as xo = 1.5 and yo = 0.5. The exact solution isxz =2, y=1
Solution: We have
flx)=2>+zy+9>—-7=0
gz) =23+ 9y —9=0

Jp = [fw(%a Yr)  fy(n, Z/k)] [2% T Yk Tgt+ ka]
9o (Ths ) 9y(Tk, Yr) 3z} 3ui

-1 1 3y,§ —(xk + 2yx)

Where Dy, = |Ji.| = 3y2(2zx + y) — 323 (zx + 2yx). Know we can write the method as

[xk—&-l] _ l ] [ 3ye  —(an+ 2%)1 lﬂf% + Tpyr + Yi —

7
k=0, 1,2 3.
Yk+1 327 2xk + Y T+ Y — 9 ]

Using (xo, yo) = (1.5,0.5), we get

7l 1.5 1 0.75 =25 [=3.75] _ [2.2675
(1 0.5  —14.25 |-6.75 3.5 —5.5|  10.9254

2.2675 1 2.5691  —4.1183| |1.0963 2.0373
0.9254|  —49.4951 |—15.4247 5.4604 | |3.4510 0.9645
2.0373 1 27908  —3.9663| [0.0458 2.0013
0.9645|  —35.3244 |—12.4518 5.0391 | |0.3532 0.9987

Multivariate Newton Examples

T3 + 222 — 13 — 213 = 0
7] — 85 + 1013 = 0

x% — Txoxs =0

Three intersecting radius-1 spheres:

(1‘1—1>2+(Z‘2—1)2+1‘3:1
(1= 1)+ 22+ (23— 1)* =1
$1+($2—1)2+($3—1)2=1
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